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Abstract

The problem of constructing a parametric triangular patch to smoothly connect three surface patches is studied. Usually, these surface
patches are defined on different parameter spaces. Therefore, it is necessary to define interpolation conditions, with values from the given
surface patches, on the boundary of the triangular patch that can ensure smooth transition between different parameter spaces. In this
paper we present a new method to define boundary conditions. Boundary conditions defined by the new method have the same param-
eter space if the three given surface patches can be converted into the same form through affine transformation. Consequently, any of the
classic methods for constructing functional triangular patches can be used directly to construct a parametric triangular patch to connect
given surface patches with G' continuity. The resulting parametric triangular patch preserves precision of the applied classic method.
© 2007 National Natural Science Foundation of China and Chinese Academy of Sciences. Published by Elsevier Limited and Science in

China Press. All rights reserved.
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1. Introduction

Construction of surfaces plays an important role in
computer aided geometric design (CAGD), free-form sur-
face modeling and computer graphics (CG). To make the
process of constructing complex surfaces simple, piecewise
techniques are frequently used, with four-sided and trian-
gular patches being the most popular choices. This paper
studies the problem of boundary condition determination
in the process of constructing parametric triangular
patches to smoothly connect three given surface patches.
There are many methods for constructing a triangular
patch to connect the three ones. This paper only addresses
the problem of constructing a triangular patch to connect
three surfaces with any form, i.e. addresses the problem
of infinite interpolation on triangles.

* Corresponding author. Address: Department of Computer Science and
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The infinite interpolation on triangles was studied by
Barnhill et al. [1], and a curved triangular patch that inter-
polates the boundary conditions with any form was pro-
posed. The triangular patch is constructed using the
Boolean sum scheme. Gregory [2] used the convex combi-
nation method to construct a triangular patch. The trian-
gular patch is formed by the convex combination of three
interpolation operators, each of which satisfies the interpo-
lation conditions on two sides of a triangle. The idea [2]
was further extended by Gregory [3] and Charrot et al.
[4]. Nielson [5] presented a side-vertex method to construct
a curved triangular patch using combination of three inter-
polation operators, each satisfying the given boundary con-
ditions at a vertex and its opposite side. Hagen [6] extended
Nielson’s approach to construct geometric patches. These
results have been generalized to triangular patches with
first and second order geometric continuity [7,8]. The prob-
lem of constructing non-four-sided patches including
curved triangular patches was also studied in Refs. [9,10].
In Ref. [11] a method to construct a curved triangular
patch by combining four interpolation operators, an
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interior interpolation operator and three side-vertex opera-
tors [5], is presented. The constructed triangular patch
reproduces polynomial surfaces of degree four. Another
method proposed recently [12] constructs a triangular
patch by a basic approximation operator and an interpola-
tion operator. The constructed triangular patch satisfies C'
boundary condition and reproduces polynomial surfaces of
degree five.

The above-mentioned methods all work on the assump-
tion that the interpolation conditions on the boundary of
the triangle are defined on the same parameter space. How-
ever, in practice, this is usually not the case. It is therefore
necessary to have a method to determine suitable interpo-
lation conditions so that the methods mentioned in Refs.
[1-12] can be used directly to construct parametric triangu-
lar patches. In Ref. [11], a method is presented to construct
the cross-boundary conditions. The constructed cross-
boundary conditions have suitable magnitudes, but not
suitable directions on the boundary of the triangle. This
paper overcomes this problem by presenting a simple but
efficient method to construct cross-boundary conditions
which have both suitable magnitudes and directions. The
combination of the new method and the classic functional
triangular patch construction methods [1-12] can be used
to construct a G' parametric triangular patch to connect
three surface patches. The constructed parametric triangu-
lar patch has the same interpolation precision as the classic
methods [1-12].

2. Problem description

Suppose P;(si, 1) = (x;(si, ), (50, 8:),zi(s5,2:)), (0 < s, 84
< 1),i =1,2,3, are three given surface patches, defined on
different s;¢;-parametric planes. The three patches are of
any form, and meet in the way as shown in Fig. 1. The goal
is to construct a triangular patch Pr(s, ¢) to connect the three
patches P;(s;,;),i = 1,2,3, with G' continuity. Pr(s, ) and
P(s;,t;),i=1,2,3, being G' continuous means that they
have a common boundary and the normal vectors of them
on the common boundary have the same direction.

If these three patches are defined on the same parametric
st-plane, then the methods for constructing functional tri-
angular patches can be used directly to construct a para-

Fig. 1. Three surfaces with G' continuity.

metric triangular patch to connect these patches with C!
continuity. In most applications of CAGD, CG and related
areas, however, these three patches usually are not defined
on the same parameter space. In this case, one needs to
define C' boundary conditions by the three patches so that
the constructed parametric triangular patch can smoothly
connect these patches with a ‘““visually pleasing shape”
suggested by these three patches. After the C' boundary
conditions are defined, the functional methods of con-
structing triangular patches can be used to construct
parameter triangular patch directly. Because Pr(s,¢) and
P(s;, t), i=1,2,3, are defined on different parameter
spaces, Pr(s,t), satisfying C' boundary conditions, will
connect these three patches with G' continuity.

Let T be an equilateral triangle with vertices v; = (0,0),
v, = (1,0) and v; = (1/2,/3/2) in the st-parametric space,
e; denote the opposite side of v;, and t; be the unit outward
normal vector of e¢; (Fig. 2). Let 6, denote the unit vector
from v, to v;. 6; and o3 are defined similarly. The sides
e;, 1 =1,2,3, can be parameterized as follows:

e1(u) = (1 —u)vy + uvs,
ex(u) = (1 —u)vy + uvs,
63(14) = (1 — u)v1 + uvy,

0<ux<l (1)

The parametric triangular patch Pr(s,t) to be con-
structed will be defined on the equilateral triangle T, as
shown in Fig. 2. On the three sides of T, the boundary
curve and cross-boundary slope conditions given by the
three surfaces, P;(s;, ), i =1,2,3 are as follows:
Plef),  S(e(), =123 ©)

i =1,2,3 are defined in Eq. (1), P;(e;(u)) and
% (e;(u)) denote the boundary value and the cross-bound-
ary slope of P;(s;, ;) on the side e;, respectively.

Because P;(s;,t;),i =1,2,3 are defined on different
parameter spaces, and the boundary conditions (2) cannot
be used directly to construct the triangular patch Pr(s,¢)
on T, we will use them to define the new boundary condi-
tions. Let the new boundary conditions be

where e;(u),

t V3
82>
Py(sy]t g1
) 50"
€2 e Pi(s1,t1)
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U]_ Tvtg 63 l 0—3 U2 S
T
S 3

’ Ps(s3,t3)

Fig. 2. Three patches on T.
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Pr(e;(u)), (e;(u)), i=1,2,3 (3)

61:,«
There are many methods for defining the new boundary
conditions (3). Obviously, one reasonable choice is that
the conditions (3) should be defined in such a way that
satisfies the following conditions: if the three patches
P(s;,t;), i=1,2,3 are defined by the same surface
P(s,1), but with different parameter spaces whose boundary
conditions have linear relations between each other, then one
should find out the transformations to make sure that the
three P;(s;,t;), i= 1,2,3 are defined by the same surface
which is supposed to be P(s,?), so that Pr(e;(u)),
661? (e;(u)), i=1,2,3 on the three sides of T in Fig. 2 can
be defined by P(s, 1), i.e. by

Pr(ei(u)) = P(ez( )

P (o) =L (o), T )

3. Constructing the boundary conditions

We now show how to determine Pr(e;(u)), 5= (e;(u)),
i=1,2,3. As shown in Fig. 3, suppose that the surface
patch Pi(s1,#;) is defined in the parallelogram region
Vo V3P4V5, P2(S2,l2) and P3(S3,t3) are Slmlldrly defined.
The P1(s,t) should be defined so that it and P;(s;, ¢;) are

G' continuous on the common boundary. Thus, Pr(e;(«)),

&t (ei(w)), i=1,2,3 can be defined by P;(s;,;), i=1,

2,3 as follows:

Pr(ei(u)) = Pie;(u)),

L (ei(u) = wilei(u) L (e(w)  j=1,2,3 (5)
+Biei(u) 5 (ei(w)),

where o;(e;(u)) and f3;(e;(u)) are functions of u to be con-
structed, respectively.

Now, constructing the boundary conditions becomes a
problem of defining the functions wo;(e;(#)) and f;(e;(u)),
i =1,2,3. For simplicity, we shall only show the construc-
tion process of «;(e;(u)) and f,(e;(u)) only. The o;(e;(u))
and f3,(e;(u)),i = 2,3 can be constructed similarly.

Because vectors o) and ¢, are the same (Fig. 3), vectors 1,
and ¢, are orthonormal, and % (ey(u)) and % (e1(u)) satisfy

Vs
t U3
01
-~
00"
er Pi(s1,t)
ty
\/Sk V4

V1 V2 s

Fig. 3. Three patches on T.

@%(el(u)) -Gai;j(el(u))> 0

where (a - b) denotes the dot product of vectors a and b.
It follows from (5) that

Ao (e (u)) + Bifi(e(u) =0 (6)

where

= (G ) 5 @)
(

P (e, ) -Zf<e1<u>>>

If s; and # are orthonormal,

A= () - B
(e (u ))> 0, then the function relation between o (e; («))
and f,(e;(u)) is taken as

Bi(ei(u)) = —Aro(er(u)) /B (7)

Eq. (7) shows that if 5, (e, («)) is defined, then a; (e; (u)) is
defined. In what follows we will show how to construct
P (e1(u)). We first determine the values of o (e;(u)) and
pi(e1(u)) at points v, and v;, respectively. At point v,, we
have

0Py B oP,; oP,

6—rl(v2) = o (v2) =— o (v2) + By (02) =~ o (v2) (8)
The angle 0, between vectors 1, and #3 is 30°, thus

%(V ) 7@%(‘) ,laﬁ(‘, )

o5 2 o Y 200

From

OPy oP,

6—al(v2) = atl (v2)

we have

Pt 2V/3 0P V3 0P,

a—fl(")— 3 6t3( )+Ta—tl("2) 9)

It follows from Eqgs. (8) and (9) that «, (v,) and f,(v,) in Eq.
(5), denoted by oY and ﬂ?, can be determined by the follow-
ing equations:

(G- 5o )+ (G 0)- 50 )8
)

(oo s (G 52 =0

On the other hand, at v; we have

aa%(%) = 061(173)%—21(1’3) + (03)66—};1(1;3)
oPr, . 2V/30P; V3 oP, (11)
o = -2 ) - 5 )

Thus, o;(vs) and §,(vs) in Eq. (5), denoted by ol and f;,
can be determined by the following equations:
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oP oP, oP, oP

<§:(V3) 'a—sl("s)>°‘% + <6—t1 (v3) 'gll(v3)>ﬁ}
oP; opP,
(S0 o)

6P GP] aP] aP 1

(G- ot ) o+ (Gt ) G0 )81 =0
(12)
0

For a(e;(u)), two values o) and o} are computed, thus a
suitable choice is that o (e;(«)) is defined by a linear inter-
polation as follows:

a(er(u)) = (1 —u)od +uoy 0<u<l (13)
where o) and «! are defined by (10) and (12).

Based on (7) and (13), oy(e;(u)) and f,(e;(u)) are
defined by
o (e (u) = (1 — w)ay + oy
Bi(ei(u)) = —Ayou(er(u)) /By
where 4; and B, are defined by (6).

Similarly, one can define o;(e;(x)) and f;(e;(u)) for
i =2,3 as follows:

14
O0<ux<l (14)

(ex(u)) = (1 — u)oS + ua)

o (ex(u) )
Ba(ex(u)) = —Aran(ex(u))/Ba
o3(es(u)) = (1 — u)ocg + uot;

B(es(u)) = —Azoz(es(u))/Bs

The above construction process of C' boundary condi-
tions shows that when the methods for constructing C!
functional triangular patches are directly applied to the
boundary conditions in Eq. (5), a parameter patch
Pr1(s,t) is constructed, which connects P;(s;,t;), i =1,2,3
with G' continuity and smooth shape.

O0<ux<l

(15)

4. Discussion

In this section, we will show that the cross-boundary
slopes defined by Egs. (5), (14) and (15) are well defined.
To do this, we only need to prove that if the three sur-
faces P;(s;,t;), i=1,2,3 are defined by the same sur-
face P(s,t) but in different forms, which are formed by
applying affine transformations on P(s,?), then the new
boundary conditions are defined by (4), i.e. by P(s,1).
This means that if a method reproduces polynomials of
degree n when it is used to construct functional triangu-
lar patches, then when it is used with the boundary con-
ditions (5) to construct a parametric triangular patch
Pr(s,t), Pr(s,t) will reproduce parametric polynomials
of degree n.

Theorem 1. If surface patches Pi(s;,t;), i=1,2,3, are
defined by the same surface P(s,t), i.e. P(t1,61), and the
transformations from coordinate system st to coordinate
system s;t; are affine, then there exist unique constants c; and
d; satisfying the following conditions:

o = 1/01'
ﬁi = _di/ci
where o; and f; satisty o;(e;(u)) = o; and f,(e:(u)) = B,

which means that «;(e;(u)) and f;(e;(u)) in Eq. (5) are con-
stants in this case.

(16)

Proof. Only the case i =1 will be considered. The other
two cases can be handled similarly. Let ¥V be any point in
parametric space, in 7,67 and s;#; coordinate systems, the
coordinates of V be (z;,6y) and (s1,#;), respectively.
Because the transformation from coordinate system st to
coordinate system s;¢; is affine, vectors t; and ¢, are the
same, as shown in Fig. 3, the relationship between (z;,a})
and (s;,#;) can be written as

T = C181
6, =ds;+t

As P;(sy, 1) is defined by P(ty, a,), it follows from Eq. (17)
that P;(s;, ;) can be expressed as

Pi(s,t,) = P(ci81,d1s1 + t1) = P(11,6)

(17)

Now
6P1(s1,t1) - aP(11,61)+d aP(‘L'],O'l)
asl - 611 ! 60‘1
aPl(Sl,tl) :GP(rl,al)
6t1 60'1
Thus
aP(’L’l,O']) _l aP(Sl,tl) _é aP(Sl,tl)
61:1 _Cl asl C1 atl
6P(rl,0'1) 76P(S17t1)
60‘1 o 6t1

This completes the proof of the theorem. [

In CAGD and CG applications, the curves and surfaces
are generally defined on normalized domains, [0,1] for
curves and [0,1] x [0,1] for surfaces. In most cases, the
domains of curves and surfaces are normalized by affine
transformations. Thus, in Theorem 1, that the transforma-
tion from P(s,¢) to Pi(s;,t;), i=1,2,3 are restricted as
affine transformation is reasonable. Theorem 1 shows that
if surfaces P;(s;, t;), i=1,2,3, are defined by the same
surface, then o and f) in Eq. (10) and «} and f} in Eq.
(12) satisfy o =l and B) =], and so the functions
o;(e;(u)) and f;(e;(u)) in Eq. (5), i =1,2,3 are uniquely
determined, i.e. determined by Eq. (4). Consequently, the
interpolation conditions are determined uniquely, and the
triangular patch to be constructed is determined uniquely.
Therefore, the following theorem follows.

Theorem 2. If the method of constructing functional
triangular patch reproduces polynomials of degree n, and
the method is directly applied on the interpolation condi-
tions in Eq. (5), then the constructed parametric triangular
patch  Py(s,t) reproduces parametric polynomials of
degree n.
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5. Experiment

Experimental results presented in this section are carried
out by constructing a parametric triangular patch to con-
nect three patches or to interpolate the G' interpolation
conditions on the sides of the triangle. The first experiment
is to construct a triangular patch to connect three surfaces,
Pi(s;,1;), (0 <s;,6, < 1), i=1,2,3 (Fig. 4). The triangular
patches in Fig. 5 will be produced by Nielson’s method
[5]. In Fig. 5, the triangular patch in (a) is produced by
directly applying Nielson’s method [5] on the boundary
curves and cross-boundary slopes defined by the three rect-
angular patches. The triangular patches in (b) and (c) are
produced by using the method presented in Ref. [13] and
the technique presented in this paper, respectively, to rede-
fine the cross-boundary slopes taken from the three given
rectangular patches, and then apply Nielson’s method [5]
on the boundary curves and the redefined cross-boundary
slopes. In Fig. 5, some portions of the surfaces on the com-
mon boundary of the triangular patch with the three rect-
angular patches are visually not very smooth. This is the
result of Mach band phenomenon. The surfaces in (c) have
less Mach band phenomenon than those of (b).

Highlight lines [14] have been proved to be an effective
tool in assessing the quality of a surface. In Fig. 6, the high-
light line model is used to compare the above three meth-
ods. Fig. 6 gives the highlight lines of the horizontal
fillets of the surfaces in Fig. 5. which shows that the new
method gets better results than the other two methods.

~

P3(83, t3
P1(81,t1) \/

P (s2,12)

Fig. 4. Connection of three surfaces through a triangular patch.

a

The second experiment is to compare the new method
using the six functions presented by Frank [15]. The six
functions are expressed by the following parametric form

Fi(u,v) = 3.9exp[—0.25(9u — 2)* — 0.25(90 — 2)°]
+3.9exp[—(9u + 1)*/49 — (v + 1)/10]
+2.6exp[—0.25(9u — 7)* — 0.25(9v — 3)7]
— 1.04exp[—(9u — 4) — (90 — 7)"]

F(u,v) = 5.2exp[18v — 18u] /(9 exp[18v — 18u] + 9)

F3(u,v) = 5.2[1.25 + cos(5.4v)] /[6 + 6(3u — 1)*]

Fu(u,v) = 5.2exp[—81((u — 0.5)* + (v

(u, 0)
(u, 0)

—0.5))/16]/3
Fs(u,v) = 5.2exp[—81((u — 0.5)* + (v — 0.5))/4]/3
Fe(u,v) = 5.2sqrt[64 — 81((u — 0.5)* + (v — 0.5)*)]/9 — 2.6
x(u,v) =u
y(u,0) =v
(18)

a

b

c

—
-~

Fig. 6. The highlight lines of the horizontal fillets of the surfaces in Fig. 5.

c

Fig. 5. Triangular patches produced by (a) Nielson’s method; (b) Zhang’s method and (c) our method.
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The set of data points (including 33 points) presented in
Ref. [15] is used to produce triangles for comparison. The
triangulation of the data set is performed by two steps.
First, the data set is projected to xy plane, then the data
set on xy plane is triangulated using the max-min criterion
proposed by Lawson [16] (Fig. 7). The boundary curves of

Fig. 7. Triangulation of 33 points.

3D triangles are defined by (x,y, F;(x,y)), 1 <i< 6, where
(x,y) is the point on the side of the triangles in Fig. 7,
Fi(x,y) is obtained by replacing (u,v) in F;(u,v) (18) with
(x, ).

The interpolation conditions for the test cases are as
mentioned boundary curves and cross-boundary slopes
on the 3D triangles, taken from F,(u,v) to Fg(u,v) above.
Let S be a side of the 3D triangles, the interpolation condi-
tions on S are normalized by defining them on the unit
region, i.e. on the region [0, 1]. The cross-boundary slopes
on S are defined by % x L, where L denotes the length
of S, n denotes the out normal vector of S, 1 < i < 6. Based
on the interpolation conditions on the 3D triangles, the
comparison is carried out by applying the new method to
the method [12] to construct surfaces. The comparison
results are shown in Figs. 8-10, respectively. In Figs. 8—
10, for 1 < i< 6, the surface (a) F;(u,v) is produced by
using formula (18), the surface (b) F;(u, v) is produced with
the method [12] by directly using the interpolation condi-

S

TS
S

Fig. 8. Plots of F;(u,v) and F»(u,v).
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Fig. 9. Plots of F3(u,v) and F4(u,v).

Fig. 10. Plots of Fs(u,v) and Fe(u,v).
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tions, while the surface (¢) F;(u,v) is produced with the
method [12] by the boundary curves, and the cross-bound-
ary conditions which are redefined by the new method. We
can see that the surfaces (a) F;(u, v) and (b) F;(u, v) visually
have no difference.

We have done the comparison by replacing the method
[12] with Nielson’s method [5], the test results are that: (1)
for these interpolation conditions, Nielson’s method can-
not produce better surfaces; (2) when the new method is
applied on the Nielson’s method, the quality of the surfaces
constructed is improved.

6. Conclusion

A new method has been proposed, which uses functional
triangular patch construction method to construct para-
metric triangular patches. Our study has shown that the
new method improves previous methods in both surface
shape and surface quality, which is verified by examining
Mach band effect and highlight line models of the resulting
surface patches. The key in achieving the improvement is a
technique to define the cross-boundary conditions. The
resulting cross-boundary conditions have not only suitable
magnitudes but also suitable directions.

With the new method, one can directly apply any of the
classic functional triangular patch construction methods to
construct a C' parametric triangular patch to smoothly
connect three surface patches. The new method preserves
precision of the classic methods. If the applied classic
method has a precision of polynomials of degree n, then
the constructed parametric triangle patches have a preci-
sion of parametric polynomials of degree n.
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